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HALF-LIBERATED MANIFOLDS, AND THEIR QUANTUM 

ISOMETRIES 

TEODOR BANICA 


Abstract. We discuss the half-liberation operation X —> X *, for the algebraic sub¬ 
manifolds of the unit sphere, X C . There are several ways of constructing this 

correspondence, and we take them into account. Our main results concern the compu¬ 
tation of the affine quantum isometry group G + (A*), for the sphere itself. 


Introduction 


The notion of nonconnnntative space goes back to an old theorem of Gelfand, which 
states that any commutative (7*-algebra must be of the form (7(A), for a certain compact 
space A". One can therefore define the category of “nonconnnntative compact spaces” to 
be the category of (7*-algebras, with the arrows reversed. The category of usual compact 
spaces embeds then covariantly into this category, via A —> (7(A). 

We will be interested here in nonconnnutative analogues of the compact algebraic man¬ 
ifolds X C C N . These are by definition the duals of the universal (7*-algebras defined 
with generators z\,..., Zn, subject to (nonconnnutative) polynomial relations: 


(7(A) — C* • • •, zn Pi{zi ,..., zn) — dj 


The Gelfand theorem tells us that this construction covers all the compact algebraic 
manifolds X C C N . In general, the axiomatization of the algebras on the right is quite 
a tricky problem. Instead of getting into details here, let us just say that the family of 
noncommutative polynomials {Pi} must be by definition such that the biggest (7*-norm 
on the universal *-algebra < zi ,..., zn\Pi(z\ ..., zn) = 0 > is bounded. 

The compact quantum Lie groups, axiomatized by Woronowicz in [23], [23], and their 
homogeneous spaces, provide some key examples of such manifolds. Technically speaking, 
one problem with such quantum groups is that they lack an analogue of a Lie algebra. 
As explained in [23] . [24], one solution to this issue comes from the intensive use of 
representation theory, in order to overcome the lack of geometric techniques. 

The aim of this paper is to use some quantum group ideas, coming from representation 
theory, in the complex manifold setting. Let A be as above, and consider its classical 
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version X dass C C N , obtained by dividing the algebra C(X) by its commutator ideal: 


C(yX c i ass ) C' CO mm ^1) • • ■ > N Pi(% 1) ■ ■ ■ j Av) 0^ 


We can think then of A" as being a “liberation 1 ' of X c i ass , and the problem is that of 
understanding how the correspondence X dass —> X can appear. 

This latter question was solved in the quantum group case in [5], by using some in¬ 
spiration from Wang’s papers [2DJ, [21], from the Weingarten formula la. ra, ra, and 
from free probability theory ra. ra.ra- Among the hirelings there, and from the related 
papers i, i, 110]. is the fact that, for liberation purposes, the usual commutation re¬ 
lations ab = ba can be succesfully replaced by the half-commutation relations abc = cba. 
This is actually a quite non-trivial phenomenon, which comes from the fact that the 
half-commutation relations abc = cba have a deep categorical meaning. See [5] . 

As explained in [8j, [10], there are several possible ways of half-liberating a manifold 
X C and we will take this into account. We will show here that, under suitable 

assumptions on X C S^ _1 , we have a half-liberation diagram for it, as follows: 


A-- A**-=- A* 


A”-*- A°- X* 


Our main results will concern the sphere A = S^ 1 itself. More specifically, we will be 
interested in computing the quantum isometry groups of its various half-liberations. Our 
approach here will be based on the affine quantum isometry group formalism EH, H3I> 
|l5j . [15]. with various technical ingredients from n. a, nn, mi- We will prove that the 
affine quantum isometry groups of the 6 half-liberated spheres are as follows: 


qN— 1 oN—1 oN— 1 

°C °C,** °C,* 


U N 


t r** 
U N 


u\ 


N 


TS ^ 1 


qN— 1 
°C,o 


nN —1 

°c,# 


TOjv-- U° N -- U* 


In other words, our result will state that, for the sphere X = S^ 1 itself, the quantum 
isometry groups of the half-liberations are the half-liberations of the usual isometry group. 
This could be thought of as being related to the various rigidity results in [9], [ 13] . 

The paper is organized as follows: in 1-2 we discuss the half-liberation operation for 
the complex sphere itself, in 3-4 we study the associated quantum isometry groups, and 
in 5-6 we discuss the case of more general algebraic manifolds A C S 
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1. Noncommutative spheres 

According to 0 . a. which were based on the previous work of Wang in [20], the free 
analogue of the complex unit sphere S^ 1 is constructed as follows: 

Definition 1.1. Associated to any N gN is the universal C*-algebra 

cog- 1 ) = c * u,... = E 


whose abstract spectrum S^ 1 


is called free analogue of 1 


Observe that the classical version of S^ + l , obtained by assuming in addition that the 
standard coordinates z t and their adjoints z* commute, is the usual sphere S ^ _1 . This 
follows indeed from the Stone-Weierstrass and Gelfand theorems. See 0, 0- 

We will be interested in what follows in various half-liberated analogues of Sff 1 . We 
have the following constructions here, which go back to the work in [2j: 

Definition 1.2. We have the following subspheres ofS^f 1 : 

(1) S^f 1 : obtained via the relations ab*c = cb*a, with a,b,c £ {zi}. 

(2) : obtained via the relations abc = cba, with a,b,c E {z*, z *}. 

(3) obtained via the relations ab* = ba*,a*b = b*a, with a,b e {zi}. 

(4) obtained as an intersection, D 

Once again, we use here the general C'*-algebra philosophy, which allows us to define 
noncommutative compact subspaces 5'^ r_1 C S^f 1 , by dividing the algebra C(S^f 1 ) by 
various algebraic relations, and then by taking the abstract spectrum. See [2j. 

In addition to the above 4 noncommutative spheres, and to the sphere S itself, we 
have as well the following “subsphere” of S which is of interest for us: 


T S ^ 1 


(ux i,..., ux N ) e Sq 1 


u 


G T, (xi, ...,x N )eS l 


N—l 


Here, and in what follows, T is the unit circle in the complex plane. 

When adding the above new “sphere” to the 5 examples that we have so far, we obtain 
a set of objects which is stable by intersections, as follows: 
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Proposition 1.3. We have the following diagram, with all maps being inclusions: 

cN—l cN— 1 oJV-1 

°C °C,** *" °c,* 


rjr'cN— 1 cN—l cN—l 

11 °R ^ °€,o °C,# 

In addition, this is an intersection diagram, in the sense that any intersection X D Y 
appears on the diagram, as the biggest object contained in both X,Y. 

Proof. The upper horizontal inclusions are all clear. The lower horizontal inclusions are 
clear as well, with TS 1 ^ -1 C coming from the fact that the standard coordinates 

Zi = uxi on TS ^ -1 satisfy the relations ab* = ba* = a*b = b*a. 

The two vertical inclusions on the left are clear. The remaining vertical inclusion, on 
the right, comes from the fact that, by using ab* = ba*, a*b = b*a, we obtain: 

ab* c = ba* c = be* a = cb* a 

The intersection claim on the right is clear from the definition of Sjff 1 . Regarding the 
intersection claim on the left, this states that Z 1 = S fl equals TS^~ X . 

We have S^Z 1 C S^ 1 , so consider a point 0 e S^~ l . Since we have S^Z 1 C the 

coordinates of z must satisfy the relations ab* = ba*, a*b = b*a, so we have z,Zj = ZjZi. In 
the case Zi,Zj ^ 0 we obtain z, t /zi = Zj/zj, and we deduce that the numbers Zi/zi are all 
equal, independently of the index i satisfying Zi 7 ^ 0. Now by multiplying by a suitable 
scalar u G T, we can assume that we have z l jz l = 1, for any i such that z. L 7 ^ 0. Thus, up 
to the multiplication by a scalar u G T, we have z G S'® -1 , as desired. □ 

As already mentioned, the above 6 spheres were introduced in pj. In order to explain 
where these spheres come from, let us recall from [ 2 j that we have: 

Proposition 1.4. We have the following intersection diagram, 



with the spheres on the left being the real versions fa = z*) of the spheres on the right. 
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Proof. Observe first that S^ 1 is the real version of because when assuming that 

the coordinates are self-adjoint, the relations ab* = ba*, a*b = b*a read ab = ba. 

Also, we have an inclusion S^f 1 C because when taking the real version 

of the sphere S^j 1 , the defining relations ab*c = cb*a read abc = cba. 

With these observations in hand, the fact that we have the diagram in the statement, 
and that this is an intersection diagram, are clear from Proposition 1.3. □ 


The point now is that the above 10 spheres have a number of common features: 
Proposition 1.5. The above 10 spheres appear from S^f 1 via relations of type 

~ e l z e k — z dl z d k W 7 - j 

where a G Sk is a permutation, and where e*, dj G { 1 , *} are exponents. 

Proof. The 10 spheres appear indeed from Sjf 7 1 via the following relations: 

a = a* ,ab = ba, ab* = b*a, ab* = ba*, a*b = b*a 


abc = cba, abc* = c*ba, ab*c = cb*a 

Now since all these relations are as in the statement, this proves the result. □ 

As explained in [2], the formalism in Proposition 1.5 is in fact too wide. The solution 
proposed in [2] is that of starting with C S^f 1 C S^f 1 , which are conjecturally the 
only real examples, and then by performing 3 operations: 

(1) Mirroring: this produces the spheres S ^ -1 C C S^f 1 . 

(2) Free complexification: this produces the extra spheres C S^f 1 . 

(3) Taking intersections: this produces the remaining spheres TS 1 ^ -1 C S^f 1 . 

Summarizing, the above 10 spheres are expected to be the “only ones”, under some 
strong axioms, which are however not available yet. See [2j. 

Let us try now to better understand the half-liberated spheres. Given S^ 1 C S^f 1 , the 
associated projective space is the quotient S —>• given by the fact that C{Pff) C 

is the subalgebra generated by the variables Pij = ZiZ*. We have then: 

Theorem 1.6. The projective spaces for the 6 half-liberated spheres are 

tdN _ pN _ pN 

- r C -- r c -- r c 


pN _ pN _ pN 

r R - r R r R 


where Pff, Pff are the usual real and complex projective spaces. 
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Proof. We use the following presentation results, coming from the Gelfand theorem: 


C(P^) 

C(Pc) 


^ comm 
^ comm 



p — jf 
p = p* 


= p* = p 2 , Tr(p ) = lj 
= p 2 , Tr (p) = l) 


By fnnctoriality, the projective spaces for our 6 spheres are as follows: 


pN 

Gc 


pN 

Gc,** 


pN 

Gc,* 


pJV _ nJV _. pN 

Gr Gc,o C,# 

In order to finish, it is enough to prove that we have C P£, Pc,# PPr- 

Pq^ C P<£. From ab*c = cb*a we obtain ab*cd* = cb*ad* = cd*ab*, so the variables 
Pij = ZiZ* commute. In addition we have p = p* = p 2 , Tr{p ) = 1, and we are done. 

Pc,# C Pfc . From ab* = ba* we deduce that the matrix p# = z^* is symmetric, and so 

Pc,# Cl P(f\ = Pq follows to be a subspace of P^, as desired. □ 

We should mention that the above result has an extension to the 10-sphere framework 
of Proposition 1.4, with the 3 rows of spheres corresponding to the 3 types of projective 
spaces (real, complex, free). Indeed, we have Pjf* = P£, and the inclusion Pff + C P<c + 
is known to be an isomorphism at the level of reduced versions. See m, m- 

2. Matrix models 

We further advance now on the understanding of the 6 half-liberated spheres. 

Given a subspace A" C S^f 1 , we can consider the subalgebra C(X) C C(T) * C(X) 
generated by the elements W{ = uzi , where u e C'(T) is the standard generator. Since we 
have Yli w i w i = Yhi w i w i = 1, we obtain in this way a closed subspace X C called 

free complexification of X. See a mi- With this notion in hand, we have: 

Proposition 2.1. We have inclusions and equalities as follows, 

qN—1 oN —1 _ qN—1 

°C °C,* -°c,* 


qN —1 qN —1 oN —1 

°C,# - °C,# 

making correspond standard coordinates to standard coordinates. 
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Proof. Consider the diagram in Proposition 1.3, with T 1 replaced by S^ 1 . By func- 
toriality, we have inclusions as follows: 

cN —1 cN—1 cN —1 

°C °C,** ^ °C,* 


cW-1 oN— 1 c*N— 1 

°C,o °C,# 

Thus we have the square on the left in the statement. In order to prove now the 
isomorphisms on the right, consider the space Sjff 1 , with coordinates Wi = uZi. We have: 

WiW*W k = UZiZ*Z k = UZkZ*Zi = W k W*Wi 

Thus we have S^f 1 C S^f 1 . As for the converse inclusion, this follows by using the 
following composition, with £ * id on the right, where e : C'(T) —)■ C is the counit: 

C(S^) C C(T) * C{S^ 1 ) —> C^- 1 ) 

In order to establish now the lower right isomorphism, consider the space Sjfff, with 
coordinates Wi = uz^. We have then C because: 

WiW* = UXi ■ X*U* = UXj ■ X*U* = WjW* 

W*Wj = X*U* ■ UXj = X*U* ■ UXi = W*Wi 

As for the converse inclusion, this follows by using the counit, as before. □ 

Regarding now we can use here some 2x2 matrix tricks, inspired from 

[TO] . Given a closed subspace X C 7 1 , with coordinates denoted Zj, we can consider 
the subalgebra C(|X|) C M 2 (C(X)) generated by the following elements: 



Since these elements are self-adjoint, and their squares sum up to 1, we have |A"| C 
S^f 1 . We call this space |Xj doubling of A". We have then the following result: 

Proposition 2.2. We have inclusions and equalities as follows, 

oN —1 oN—1 oN—1 

°R,* °R,* °R,+ 


I Sc 


IV—11 


\Si 


N-l\ 
C,* I 


I Sc, 


N—l | 


mapping the standard coordinates to the standard coordinates. 
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Proof. The inclusion on the right appears as the particular case X = S ^, 1 of the inclusion 
|A" | C S^f 1 constructed above. Regarding now the middle inclusion, we have: 

jjj zf\ /0 Zj\ /0 Zk\ f 0 z iZj z k \ 

i j k W °/U °yU °y o ) 

Now by assuming that the elements z t are the standard coordinates of Sjff 1 , we conclude 
that we have z[z'jz' k = z k ZjZ ', and this gives the middle inclusion. Finally, the inclusion 
on the left follows by restricting the inclusion in the middle. □ 

In order to extend the above notions to the complex case, we begin with a technical 
result, regarding the relation between the real and the complex spheres. 

We denote by Xi the coordinates on the real spheres. In the odd-dimensional case, we 
can split half-half the coordinates, and denote them x t , y l . We have then: 



where each S™ x 1 C S™ x 1 is obtained via the relations Xi,yi\ = 0. 

Proof. The composition on the left corresponds to the isomorphism S^ 1 = given 

by Zi = Xi + iyi. Observe that we have indeed = <S'r V- 1 , by commutativity. 

We construct now the maps on the right. With z = x + iy we have: 

zz* = (x + iy)(x — iy) = x 2 + y 2 — i[x, y] 
z*z = (x — iy){x + iy) = x 2 + y 2 + i[x,y\ 

Thus, with Zi = Xi + iyi , we have the following formulae: 

Y ZiZ *i = Y( x i + Vi ) “ * Y \- Xi '’ yd 

i i i 

Y z i Zi = Y^ + y < 2 )+* Y& h y d 

i i i 

We conclude that we have the following equivalence: 

Y ZiZ i =Y Z i Zi = l Y X i + y2 i = 1 ’ Y^ y d = 0 
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But this gives a quotient map C(S™, x ) —> C(5'^ + 1 ), given by ay = Re(zi),yi = Im(zi), 
and this map factorizes as C(S^T 1 ) —> C^S'^T 1 ) = C(S’^ 1 ), as desired. 

Regarding now the middle maps, we must show that, with z, = ay + iy t , we have: 

|ay, half — commute| •<=> j Zi, z* half — commute| 

The “ =>- ” assertion being clear, let us discuss now the “<s=” assertion. Here the 
half-commutation relations abc = cba with a, b, c G {z u z*} can be written as follows, in 
terms of a — x + iy, b — z + it, c — u + iv, with x, y, z, t, u, v self-adjoint: 

(x + ay) (z + j3t) (u + jv) = (u + yu) (z + j3t) (x + ay) Va, f3 ,7 G {i> — i} 

Now by looking at the real and imaginary parts, we obtain the following system of 
equations, once again valid for any choice of a, (3, 7 G {i, — i}: 

{ (.xzu — uzx) + a/3(ytu — uty) + (3^(xtv — vtx) + aj(yzv — vzy) = 0 

a(yzu — uzy) + (3(xtu — utx) + ^{xzv — vzx) + a/3^(ytv — vty) = 0 

From the 8 possible choices of a, (3, 7 G {z, —i}, we select now the 4 ones having at 
most one —i among a, (3, 7 . The corresponding 4x4 determinants being both nonzero, 
we conclude that the global system, formed by the above 2 x 8 = 16 equations, is equivalent 

to the vanishing of all 8 quantities of type xzu — uzx , and we are done. □ 


Let us go back now to the question of finding a complex analogue of Proposition 2.2. 
Given a closed subspace X C 1 , with coordinates denoted ay, ay, we can consider the 
subalgebra C{[X]) C M 2 (C(X)) generated by the following elements: 


Zi = 




We call this space [A"] complex doubling of X. Observe that we do not have in general 
[X] C 5'c+ 1 ; because the formulae Yli z i z i = Yhi z i z i = 1 are n °t satisfied. 

In relation now with S ^“ 1 , let us introduce the following manifolds: 


q2N-1 


Sc N 1 = {(T,2/)e^ 


x,y) G S™ x | G ] 

i 

XiXj + y t y 3 G R, x t y 3 - y&j G 


y2N-\ 

c 


Consider as well the manifold T 2 S^ 1 C S, 
u(Xp, up), with mGT, (A,/i) GSi~I and p G We have then: 


i2N-l 
iN—l 


c consisting of the points of the form 
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Theorem 2.4. We have inclusions of noncommutative spaces as follows, 

[T^- 1 ]-~ [S™-'] St 1 -- C* 1 

[T 2 ^- 1 ]-, [S 2 ^] T SS- 1 -- S& 1 

mapping the standard coordinates to the standard coordinates. 

Proof. We have to prove that the 2x2 matrix model construction z t — x\ + iy\, with 
w' — (% o )j induces morphisms of algebras as follows: 

C(S{£) -- CiSt 1 ) M 2 (C(S 2 c n - 1 ))-- M 2 (C{T^ f - 1 )) 

C(S -- CiTS^ 1 ) m 2 (c(s™- 1 )) -- m 2 (C'(t 2 ^- 1 )) 


We will first construct the morphism —> M 2 (C(S™~ 1 )), and then we will 

obtain the remaining 3 morphisms by factorizing this morphism. 

1. We first construct the morphism at top left. We recall from Proposition 2.3 above 
and its proof that with z t = x t + iy i: we have the following equivalence: 

Y ZiZ i = S ^ Z * Z i = l Y X i + hi = Vi] = 0 


In our situation now, with z t — x\ + iy \, and (x, y ) G Sf , we have: 


Y.P + y? = E 

i i 

y^ = s 


U 12 

\ Jj i \ 

0 

0 

\Xi\ 

XiVi 

0 

0 

%iVi 


+ 


\Vi\ 2 o 

o \Vi \ 2 

ViXi 0 

0 y,x, 


1 0 
0 1 

0 0 
0 0 


Thus, we have a morphism C(S^ 7 1 ) —> M 2 (C(S^ ! ~ 1 )). Now since the matrices x\ , y\ 
half-commute, the variables z t = x\ + iy[ and their adjoints z* = x\ — iy\ half-commute as 
well, and we therefore obtain a factorization —> M 2 (C(S^ N ^ 1 )). 

2. We prove now that, when restricting attention to C S™ -1 , we obtain a model 

for S^f 1 C . For this purpose, we recall that C appears via the relations 
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ab* = ba*, a*b = b*a. With a = x + iy,b = z + it, these relations are: 


(x + iy)(z — it) — (z + it)(x — iy) 

(x — iy)(z + it) — (z — it)(x + iy) 

These relations read [x, z\ + [y, t] = ±i(xt + tx — yz — zy), so they are equivalent to: 

[x, z] + [y, t] = 0 
xt + tx = yz + zy 

Now in terms of our variables z\ — x\ + iy ', we must have: 

Wi, x'j\ + [Vi, y'j} = 0 

Ay'i + y'j x 'i = y'ix'j + T-'y' 

In order to apply these equations to our 2x2 matrices, we use the following formula: 


0 x 

xy = I - „ 

y 1 x 0 


0 y 

y o 


xy 0 
0 xy 


We are therefore led to the following equations, for the parameter space for S^ 0 1 : 

XiXj - XjXi + //,//, - //,//, = 0 
Xiyj + yjXi = y.iXj + xy!/,; 

These latter equations can be written more conveniently, as follows: 


I + yiyj = XjXi + yyy,; 

- yiXj = Xjfji - yjXi 

But these are exactly the equations for C and we are done. 

3. We prove now that, when restricting attention to C we obtain 

a model for S^ 1 C In order to obtain such a model, the variables Zi, z* must 

commute, and so the variables x' t , y\ must commute. Thus we must have: 


x^j e R, y^j g R, XiUj e R 

With A = ||x||,y = ||y|| the first two conditions read x G ATS^^y G yTS 1 ^ -1 , so let 
us write x = Xup,y = /mg with u, v G T and p, q G Sr^ 1 . The third condition tells us 
then that we must have uv G R, and so v = ±u, and by changing if necessary q —> —q, 
we can assume that we have u = v. We conclude that we have (x,y) = u(Xp,yq), and 
since the point (Xp,pq) must belong to the real sphere *S'r 7V_1 , we are done. 

4. We prove now that T 2 ^ -1 is the model space for TS' ] j^~ 1 . By functoriality, this 
latter model space appears as an intersection, T S™- 1 D S™ -1 . So, let us pick a point 
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(x,y) E TS^ *, and apply to it the equations for S™ 1 . These equations are: 

(XiXj + y i y j E R 
\xiVj - yiXj E iR 

The first equations are automatic, and since the variables in the second equations are 
real as well, these equations tell us that we must have xpTjj = ijjX-j, for any i,j. Now with 
(x,y) = u(p,q ) these latter equations read pyp = qiPj , for any i,j. We deduce that we 
must have (p,q) = (A r, nr) with (A, p) E Sf and r E S and we are done. □ 

As an application of the above methods, we have the following result: 

Proposition 2.5. The inclusions between the 6 half-liberated spheres 

cN—l oN—1 oN —1 

°C °C,** ^ °C,* 


rjpoN— 1 cN— 1 cN-1 

11 °R ^ °<C,o J C,# 

are all proper, at any N > 2. 

Proof. By using Theorem 1.6, the vertical maps are all proper. For the horizontal maps, 
we can use Proposition 2.1, Proposition 2.2 and Theorem 2.4: 

S'c ” 1 C S^~*. This follows from Proposition 2.2, because the inclusion C S^f 1 

found there shows that S^f 1 is not classical. Thus, is not classical either. 

S^- 1 C Here we can use the inclusion S^ 1 C Sjf# 1 from Proposition 2.1. In¬ 

deed, since the standard coordinates Wi = uxi on the free complcxihcation S^ 1 don’t 
satisfy the relations abc = cba, we have S^ 1 (jL and so SfL as subspaces 

of S^f 1 . It follows that (*S '^ r ~ 1 ^ ^c# 1 ) c ^c# 1 * s indeed proper. 

$c,** c Assuming that this inclusion is an equality, by intersecting with 

we would obtain that Sjff 1 C S is an equality too, contradiction. 

c Here we must show that fl is not classical. Since 

we have embeddings between spheres S^ x C given by x 3 = x 4 = ... = x n = 0, 

it is enough to solve the problem at N = 2. So, consider the manifold S ^ C S ^ used in 
Theorem 2.4. The equations defining it, over (aq, x 2 , yi, y 2 ) E S^, are as follows: 

{ xm + x 2 y 2 e R 
Xix 2 + y\tj2 E R 
X1V2 - V\Xi e ® 
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Observe now that these equations are satished for the following point: 


(x!,X 2 ,yi, y 2 ) = 0 , 0 , 1 ) 

The corresponding matrices Z \, z 2 for this special point are then: 


1 fO i\ 1 

zi = . n Z2 — 


O) 


y/2 v _i V2 

Now since these two matrices do not commute, this finishes the proof. 


□ 


3. Quantum groups 


In this section and in the next one we further advance on the understanding of the 6 
half-liberated spheres, by studying the associated quantum isometry groups. 

Our starting point is the following definition, due to Wang [2D]: 


Definition 3.1. The free analogue ofC(U]y ) is the universal C*-algebra 





f = unitaries) 


with Hopf algebra maps A{uif) = J2 k Ui k <S> u k j, e{uij ) = Sij, S(uij) = u* v 


As explained in | 20 j . the above formulae define indeed a comultiplication, counit and 
antipode, and we have a Hopf (W-algebra in the sense of Woronowicz [23] . [24]. Observe 
that the square of the antipode is the identity, S 2 = id. The underlying noncommutative 
space Ufj is a compact quantum group, called free analogue of Un- 

Observe the analogy with Definition 1.1. We can build on this analogy, by introducing 
“quantum group analogues” of the spheres in Definition 1.2, simply by imposing the 
relations there to the standard coordinates of U^. We obtain in this way: 


Proposition 3.2. We have an intersection diagram of compact quantum groups 


U N -- U* N * -- U* N 

to n -~ U° N - u* 

with Uf[, Ux, U#, Uf, being defined inside Uf r via the relations in Definition 1.2. 

Proof. The quantum groups Ufr,Uff were introduced and studied in [8], [ID] . Regarding 

_LL 

Ujy, our first claim is that its defining relations can be reformulated as follows: 

(ab* = ba*, a*b = b*a) (ab*c depends only on {a, b , c}') 
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Indeed, the implication “ => ” can be checked by alternatively using the relations 
ab* = ba*, a*b = b*a, on left and on the right, as follows: 

ab*c = ba*c = be* a = cb*a = ca*b = ac*b 


As for the converse implication, the first formula follows from the following 

computation, and the proof of the second formula is similar: 


ab*c = ba*c =>• ab*cc* = ba" 


cc 


ab* = ba* 


With the above claim in hand, the construction of e, S is clear. Concerning now the 
comultiplication A, observe that with Uij = ^2 k Uik <S> u kjl we have: 

UixUjyUkz ^ ^ ^ia^jb^kc ® UaxU^yUcz 

abc 


Now let us permute ( ix ), ( jy ), (kz). We can use the same permutation a G S 3 in order 
to permute a, b, c, in a similar way, and this gives the existence of A. 

_LL 

Finally, if we set U° N = Uff D U^, we obtain as well a compact quantum group. 

Thus, we have the 6 quantum groups in the statement. The inclusions are clear, and 
the intersection claim Un H = TOat follows as in the proof of Proposition 1.3. □ 


We have as well analogues of the other basic results regarding spheres. First, we have 
the following analogue of Theorem 1.6 above, basically known since [Sj: 


Proposition 3.3. The projective versions of the 6 quantum groups are: 


PU N — PU N — PU N 


PO N — PO N — PO N 
In addition, we have POjy = Oat/Z 2 and PUn = Un/T. 

Proof. By functoriality, it is enough to prove that we have inclusions PUf, C PUn and 
PU# C POn ■ As explained in P] , the first inclusion can be deduced as follows: 

PU* N C (. PU* N ) dass C (PU&dass = PU N 

Indeed, the first inclusion follows from the fact that the projective version coordinates 
Wia,jb = u ij u *ab commute, the second inclusion follows by functoriality from U^ C U£, and 
the third inclusion follows from Tannakian duality, as explained in [ 6 ], 

Regarding now the second inclusion, this follows from PUf, C PUn C PUn, and from 
the fact that the variables w ia: jb = u ij u * a b are self-adjoint over PU*. □ 

Regarding now the free complexifications, we have the following result, which is much 
more precise than the one for the spheres, from Proposition 2.1 above: 
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Proposition 3.4. The free complexiftcations of the 6 quantum groups are 


U 


N 


u\ 


N 


u 


N 


u* - u* - u* 

U N - U N - u N 

with all the isomorphisms mapping standard coordinates to standard coordinates. 

Proof. The arguments in the proof of Proposition 2.1 extend to the quantum group case, 
and provide us with the following diagram: 

U N Uf = Uf 


On - U* 


U\ 


# 


N 


We must prove now that we have On = Uf, Un = Uf. For this purpose, we can use 
Proposition 3.3, and technology from [1]. Indeed, since the projective version PUf is 
classical, we obtain that Uf, as well as all its subgroups, are amenable. Thus, we can 
indeed use the results in [lj, established there at the level of reduced versions. 

With notations and terminology from [T], the quantum groups Un, Uf, Uf are all easy 
(called “free” there), of infinite level, and appear as free complexihcations. Thus the 
main result in [1] applies, and shows that these 3 quantum groups must appear as free 
complexihcations of certain intermediate easy quantum groups On C Off C Off. 

On the other hand, we know from [ 6 ] that the only non-trivial intermediate easy quan¬ 
tum group On C G C Of is the half-liberation G = Of. Thus, each of the 3 quantum 
groups Of constructed above must satisfy Off 6 {On, 0* Nl Of}. 

In order to finish we use the fact, once again from [ 6 ], that the projective versions of 
the quantum groups On C Of C Of are the quantum groups POn C PUn C POf. 
In particular, the projective version determines the quantum group. Now since we have 
PUn = PUn, PUf = PUn, PUf = POn, we conclude that we have: 

Un = Of, Uf = Of, U# = 0 N 

Thus we have indeed On = Uf, Un = Uf, and we are done. □ 


Let us discuss now the analogues of the matrix model constructions from section 2 
above. Following [TO] , we consider the following compact group: 

A B' 

-B A 


U2,N ~ 


£ U 2N 


A, Be M n { C) 
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We have then the following result, basically from 
Proposition 3.5. We have a morphism C ( Uff ) —» M 2 (C{U 2) n)) , given by 


Uij —> 


0 


0 


+ * t 


0 b. 


'ij 


where aij : bij denote the standard coordinates on U 2 i n- 

Proof. The group elements U G L^jv, written U = (d# as above, satisfy the relations 
UU* —U*U — U*U = UU* = 1, and we deduce that the matrices A, B satisfy: 

AA* + BB* = A* A + B*B = A* A + 5*5 = AA + 55* = 1 
AB* = BA *, A*B = B*A , A l B = B*A, AB % = BA* 

Consider now the target elements Wij = at - + iiC appearing in the statement. The 
matrix w = (w t j) that they form, and its adjoint, are then given by: 


w = 


0 A + iB 
A + iB 0 


w = 


0 

A* - iB* 


A* - iB * 
0 


Also, the transpose of this matrix, and its complex conjugate, are given by: 

0 A* + iB*\ _ ( 0 A - iB' 


w = 


w = 


A — iB 


A 1 + iB* 0 
By using now the above formulae relating A, 5, we obtain: 

ww* = w*w = w*vj = ww* = 1 


0 


Thus, we have obtained a morphism of algebras C(U^) —> M- 2 (C(U 2 ,n))■ 

Now since the 2x2 matrices atj , b' tJ half-commute, so do the elements vj t j , wf , and so 
our morphism factorizes through the algebra C(Utf ), as claimed. □ 

With the above result in hand, we can suitably modify the “complex doubling” opera¬ 
tion A" —> [A] constructed in section 2 above, as follows: 

Definition 3.6. Given X C U 2 ,n, we define [[A]] C Ufif by stating that (7([[A]]) is the 
image of the representation M 2 (C(X)), given by Uij —> ah + ilfy 

In other words, our construction is defined by the following diagram: 


C(U* N *) - M 2 (C(U 2 , n )) 


C(p]]). ~M 2 (C(X)) 

As an example here, the results in [ID] show that we have [[U 2 .»]] = us- 
We can now formulate an analogue of Theorem 2.4 above, as follows: 
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Theorem 3.7. We have inclusions of noncommutative spaces 

[[T0 2)JV ]]-- [[U 2 , N ]} U N -- U* N * 

[[T 2 Oat]]-- [[U' N ]] TOn -- U° N 


with T 2 Otv and U' N being certain closed subgroups ofU- 2 ,N- 


Proof. We follow the method in the proof of Theorem 2.4. The computations there apply 
to the present situation, with a 2N rescaling factor for the spheres, and we obtain that 
the “parameter spaces” for the quantum groups G = Un, Uf, TOn, i.e. the biggest closed 
subspaces X C U 2) n producing embeddings [[A"]] C G, are as follows: 


U N 

-A 

U 2 ,N n 2N • T S^ 2 - 1 

u° N 

-» 

u 2 , N n 2N • s ^ 2 - 1 

TO n 

— > 

U 2iN n 2N ■ t 2 s™ 2 ~ 1 


We will compute these three spaces, and then show that they are indeed groups. 

1. We first compute the parameter space for Un- We know that a matrix U G U 2 ,n 
belongs to this space precisely when there exists z E T such that V = zU is real. Thus V 
must belong to the group 0 2 ,jv = U 2j n H 0 2 n, and the parameter space is: 


T0 2 ,a — 


A B 
-B A 


G U 2 n 


z G T, A, B G M n 


2. Regarding now the parameter space for U^, this appears from U 2 ,n via the defining 
relations for S^ N _1 , from section 2 above, which are as follows: 


~b bijbki G IR 
n ijbki bijOki G zIR 


3. Finally, the parameter space for T On is best obtained by intersecting the parameter 
spaces for Un, Uf. Indeed, let us pick a matrix U G T 0 2) n, written U = z(_f^ a) as above. 

Then U belongs to the parameter space for TOn when its entries a t] = zaij,bij = zbij 
satisfy the above two equations. As in the sphere case, the variable zgT cancels, and the 
first equation is automatic, and the second equation reads a^b^i = b^aki- We therefore 
conclude, as in the sphere case, that the parameter space for TOn is: 


T 2 0 


N ~ 




zGT, 



G S0 2 ~TJgO 


N 
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4. We are left with checking that the parameter spaces are indeed groups. Since this 
is clear for T0 2i jv, T 2 Chv, it remains to verify that the following space is a group: 


K = 


A B 
-B A 


£ U r 2N 


dijdki A bijbki £ I 
O'ijbkl bij&kl ^ ^R^ 

U* G U' N is clear as well, because at the 
level of coordinates, the passage U — > U* is given by — > ( dj^—bji ), and this 

transformation preserves the solutions of the defining equations for U' N . 

Regarding now the multiplication axiom, we use the following formula: 


We have 1 G U' N , and U G Up 


N 


A B 


C 


D 

C 


AC — BD AD + BC 
-AD-BC AC-BD 


—B A) \-D 

Assuming now that the two matrices on the left belong to U' N , we have: 


(AC - BD)ij(AC - BD) kl + (AD A RC%(AD A BC) 


kl 


^ ^ (Uiptpj bipdpj) ((IkqCql b^qdql) A (Q'ipdpj A bipCpj) (ttkqdql bkqCql) 
pq 

y ( (djpdkq A bipbkq) (CpjCql A dpjdql) A (Ojp&fcqr l)jp0 q)(dpjCqj Cpjdql) 


pq 


Now since the above 4 quantities are respectively in R, R, iR, iR, the summand is real, 
and hence the whole sum is real as well. Thus, we have checked the first equations. 

For the second equations, the proof is similar. We have indeed: 


(AC - BD)ij(AD A BC) U - (AD A BC) i:j (AC - BD) 


H 


y ' [ (U’ipGpj bipdpj) (dkqdqi A b^qCql) (&ipdpj A bjpCpj ) (bkqCql bpqdqj ) 
pq 

y ' J ( a ipdkq A bi p bkq)(Cpjdql dpjCql) A (o ipbkq bipClkq) (CpjCql dpjdql) 


pq 


Now the quantities which appear are respectively in R, zR, *R, R, so the summand is 
imaginary, and hence the whole sum is imaginary as well, and we are done. □ 


4. Affine isometries 


In this section we show that the 6 quantum groups introduced above appear as affine 
quantum isometry groups of the 6 spheres, and we deduce some consequences. 

We use the following formalism, inspired from [13]: 

Definition 4.1. We say that G C Uf acts affinely on X C 5^7 1 when 

Zj -A u ia <8> z a 

a 

defines a morphism of algebras 4> : C(X) —$■ C(G) <g) C(X). 
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Observe that such a morphism 4> is automatically coassociative and counital, in the 
sense that we have (id <E> <&)$ = (A (g> id)Q and (e ®id)§ = id. Thus, we have a coaction, 
in the usual sense. The basic example is Un ov via <&(f)(U,x) = f(Ux). 

We agree to denote the 6 half-liberated quantum groups by U£, and the corresponding 
6 half-liberated spheres by First, we have the following result: 

Proposition 4.2. We have an affine action U'f rx S^~ * l 2 3 ■ 

Proof. We must prove that the formula in Dehnition 4.1 defines a morphism of algebras 
C(S^~ 1 ) —> C(Uff) ® C(S^~ 1 ). For this purpose, we just have to show that the elements 
Z % = Ui a ® z a satisfy the defining relations for S ^ _1 . 

As a first observation, the quadratic relations JA Z%Z* = JA Z*Z % = 1 follow from the 
biunitarity of u. For the remaining relations, we perform a case-by case analysis. 

S^f 1 - For we have indeed the following computation: 

Z/ Zj Zfc ^ ^ ^ia^jb^kc ® ^ ^ ^ J ® ZfcZj Z j 

abc abc 

For the proof is similar, by removing all the * exponents. 

It is enough to do the verification for S^f 1 , and here we have: 

ZiZ j = Y1 UiaU *jb ® Z * Z b = U ’J bU *a ® Z bZ* a = ZjZ* 

ab ab 

The proof of Z*Zj = Z*Z r is similar, by moving the * exponents on the left. 

TSjj^' _1 , S ^ _1 . It is enough to do the verification for S^ -1 . But the result here is clear, 

because Un is known to act on S ^ r_1 , with coaction map as in the statement. □ 

We will prove now that the actions in Proposition 4.2 are universal. For this purpose, 
we use an old 3-step method from [9], where the result was established for The 

idea is to: (1) establish linear independence results for the products of coordinates, (2) 
deduce from this the precise conditions on G C which allow an action, and (3) solve 
the quantum group question left, by using an antipode/relabel trick. 

In our case, the linear independence lemma that we will need is: 

Lemma 4.3. The following variables are linearly independent: 

(1) {z a zl\l < a < b < N}, over S^f 1 . 

(2) {z a ZbZ c |1 <a<c<N, l<b< N}, over Sq~ x . 

(3) {z a ZfrZ c \l < a < c < N, 1 <b< N}, over Sg~ x . 

Proof. This follows by using various 2x2 matrix models for the spheres: 

(1) Here we can use the isomorphism P^ 1 — Pff given by p a b = z a zl. Indeed, since 
the variables {p a b |a < b} are linearly independent over P-ff , this gives the result. 





20 


TEODOR BANICA 


(2) We use here the model z = x' + iy\ with (x,y) G S™ found in Theorem 2.4 
above. Our first claim is that we have an inclusion, as follows: 


(5, 


7V " 1 ) 2 c S™~\ 


(p, q) ->■ 


p + q p — q 
2 ’ 2 i 


2N-1 


Indeed, since for p, q G S ^ -1 we have ( £i j 2i ) 2 + ( £i r 2i )~ = 1, we obtain an embedding 
(‘S'k _1 ) 2 C <S'c 7V_1 - Moreover, since ^ ^G ^ 21 ■ = 0, we have in fact (S^ 1 ) 2 ( 

and finally the defining relations for S ^ -1 are both trivially satisfied. 

When restricting the parameter space to ( S the model becomes: 


Zi = - 


0 Pi + Qi 
Pi + qi 0 


1 

+ 2 


0 Pi - qi 
qi- Pi 0 


0 Pi 

qi 0 


Observe now that we have the following formula: 


ZiZjZ k = 


0 pi 

qi o 


o Vj 

Qj 0 


0 pk 

qk o 


o PiqjPk 
qiPjqk o 


(3) Here we can use the model z = x' + iy' , with (x,y) G i , from Theorem 2.4, 


with the parameter space restricted to ~ S 

iN -1 


Zi = 


Now since the variables {piqjPk\i < k} on the right are linearly independent over 
(S^ 1 ) 2 , so are the 2x2 matrices {ziZjZk\i < k}, and this gives the result. 

y'i with (x,y) G S 2N_1 

N-l _ o2N-l ^ 627V-1 Indeed if we denote by 

Wi = x, + iy l the coordinates on S £ _i , the matrix model formula becomes: 

0 Xi + iy,\ _ f 0 w, 

Xi + iyi 0 ) ~ 0 

Now observe that we have the following formula: 


ZiZjZk = 


0 

Wi 


Wi 

0 


0 


Wi 


Wj 

0 


0 w k 
w k 0 


0 

WiWjWk 


WiWjWk 

0 


Now since the variables {wiWjWk\i < k} on the right are linearly independent over 


1 , so are the 2 x 2 matrices {ziZ*Zk\i < k}, and this gives the result. 


□ 


We will need as well, several times, the following lemma: 


Lemma 4.4. If the standard coordinates Uij on a compact quantum group G C satisfy 
the relations abc = cba, then we have G C Uff. 

Proof. We must prove that abc = cba for any a, b, c G {r%, uf }, and by using the involu¬ 
tion, it is enough to check that the following relations hold, for any a, b, c G {up}: 

abc = cba, ab*c = cb*a, abc* = c*ba 

The first two relations hold by assumption, and we must therefore deduce the third 
relations from them. For this purpose, we can use the diagrammatic formalism in [5], or 
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rather its unitary extension, which applies to the easy quantum group G C coming 
from the first two relations. Indeed, in the Tannakian category of G, we have: 

• ' o o o • o o • 


• o o o • • o o 

Thus the relations abc = cba imply the relations abc* = c*ba , and we are done. □ 

Now back to the quantum isometries, and to the 3-step method from [9], Lemma 4.3 
and Lemma 4.4 provide us with the first step. We will perform the second and third step 
altogether, first for C S and then for C S^# 1 . First, we have: 

Proposition 4.5. The affine actions ofU^,U^ on Sj^jT* 1 , are universal. 

Proof. This is a routine computation, based on the antipode/relabel trick in [0]. Consider 
indeed a compact quantum group G C Uf, and let Z % = Yh a u ia ® z a- With Lemma 4.4 
in mind, let us fix as well a symbol x e {0, *}. We have then: 

Z%Zj Z k ^ ^ ,jj.Ukc Z) z a z b Z ° 

abc 

Assuming now that the variables ... ,zjy are subject to the relations z a z b z c = z c zf z ai 
some of the terms on the right coincide. By taking into account the various cases, and by 
merging these terms, we can write the above formula as follows: 

a<c,b^a,c 

^ joV'ka) ® ^a^a ^ c 

a<c 

+ ^2 U ia U* b U ka ® Z a Zb Za 

a^b 

+ ^ U iaUj a U ka ® Z a zf Z a 

a 

By interchanging i -H- k, we have as well a similar formula for Z k Z x Zi. 

Now by using the linear independence of the variables on the right, coming from Lemma 
4.3 (2) and (3) above, we conclude that the relations ZiZ x Z k = Z k Z x Zi are equivalent 
to the following system of equations, where [x, y, z] = xy x z — zy x x\ 

(1) [tq a , 'ajbi \akai'U j jbi'aic\i for a, b, c distinct. 

(2) [tq a , Uj a , Mfcc] \a ka ^Uj a ^Ui^. 

(3) [tq a , Ujb , 0. 
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Here we have merged the relation coming by comparing the fourth sums, namely 
[u ia , Uj a , Uka] = 0 for any a, with the relations coming from the second and third sums, in 
order to drop the assumptions a ^ c, a ^ b appearing there. 

Our claim, which will prove the result, is that the above equations (1,2,3) are in fact 
equivalent to [ui a , Ujb, Uk c ] = 0 , regardless of the indices i,j,k and a, 6 , c. 

Let us first process the relations (1). By applying the antipode and then the involution 
we obtain [u ck , u b j, u (n ] = [ u C i,Ubj,u a k\ , for any a, 6 , c distinct, and then by relabelling we 
obtain [u k c,Uj b ,u ia ] = [u ka ,Uj b ,u ic ], for any i,j, k distinct. Now by comparing with the 
original relations ( 1 ), we have several cases, and we are led to the following relations: 

(la) [ui a , Ujb, Ukc] — 0 , for a, b, c distinct, and i,j,k distinct. 

(lb) [u ia , Ujb, u^] = [uka, u jbi u ic], for a, 6, c distinct, and i,j,k not distinct. 

We further process now the relations (lb). Since the relations at i — k are trivial, and 
those at i — j, j — k are equivalent, we can assume that we have i — j, and we get: 

(lb’) [u ia , U ib , u kc ) = [uka,u ib ,u ic }, for d,b,c distinct. 

Let us process now the above relations (2). By applying the antipode and the involution 
we obtain [u ck , u a] , u a ,] = [ u C i,u a j,u a k \, and by relabelling, we obtain: 

(2 ) [Ufcc; foa] [^fcaj fob) foe] • 

The point now is that the relations (lb’), (2’) can be merged. Indeed, in view of (2’), 
the relations (lb’) simplify to: 

(lb”) [u ia , Ua,, Ukc] = 0 , for a,b,c distinct. 

Now, with these relations (lb”) in hand, the relations (2’) are automatic for a,b,c 
distinct. Thus, what is left from the relations (2’) is: 

(2”) [u kc , U ib , U ia ] = [u k a,Ui b ,u ic ], for a,b,c not distinct. 

As a partial conclusion, the relevant relations are (la), (lb”), ( 2 ”), (3). Now let us 
further process the relations ( 2 ”). Since these relations are automatic at o = c, and are 
equivalent at a = 6 , b = c, we can assume a = 6 , and we obtain: 

(2 ) ["Rfc a , Uiai Ric] foa; foa] ■ 

Now by applying the antipode and then the involution we obtain [u ci , u ai ,u a k] = 
[uai,u ai ,Uck\, and by relabelling we obtain [u ka , u ia , u ic \ = [u ia ,u ia ,u kc ]. By comparing 
now with the original relations ( 2 *) we are led to the following two relations: 

(2 a) [rifca; V'iai 'U J ic\ 0 . 

(2 b) (Ufcc, liia; Rja] O’ 

Summarizing, the relevant relations are (la), (lb”), (2*a), (2*b), (3). Now observe that 
all these relations are of the form [u ia , Uj b , u kc ] = 0 , the precise assumptions being: 

(la) i,j, k distinct, and a, 6 , c distinct. 

(lb”) i = j, and a, b, c distinct. 

( 2 *a) i = j, and b = c. 

( 2 *b) i — j, and a = b. 

(3) a = c. 
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Our claim is that, from these relations, we can deduce that we have [u ia , Uj b , Uk c ] = 0, 
regardless of the indices. Indeed, let us look first at (lb”), (2*a), (2*b). These relations 
are of the same nature, involving the assumption % = j, and since by (3) the relation 
\ui a , Ujb, Ukc] = 0 holds as well for i = j, a = c, we can merge them. We conclude that the 
relations [ui a ,Ujb,Uk c ] = 0 hold, under the following assumptions: 

(la) i,j, k distinct, and a, b, c distinct. 

(2+) i = j. 

(3) a — c. 

Now by using the antipode, the relations (2 + ), (3) tell us precisely that we have 
[ui a , Ujb, u^] = 0, whenever i,j,k are not distinct, or when a,b,c are not distinct. But 
this is exactly the complementary of the case covered by (la), and we are done. □ 

Let us discuss now the remaining spheres, S^f 1 C We have here: 

Proposition 4.6. The affine actions of U^, U# on S^ 0 1 , are universal. 

Proof. We use the same method as in the proof of Proposition 4.5. We first discuss the 
case of the sphere S^f 1 . With Z t = J2 u u ia Z> z a , we have: 

ZiZ* = Y u iaU* jb ® z a z* b 

ab 

By using now the relations z a z\ = z\z a , this formula can be written as: 

ZiZ* = 22(UiaU* jb + U ib U* a ) <g> z a z* b + Y U iaU* ja < 8 > Z a Z* 

a<b a 

By interchanging i -H- j, we have as well the following formula: 

Z j Z i = + U jb U* a ) ® z a z* b + U JaKa ® Z aZ* a 

a<b a 

Now since by Lemma 4.3 (1) the variables on the right are independent, we conclude 
that the relations Z,;Z* = Z 3 Z* are equivalent to the following conditions: 

( 1 ) Uj a Uj b Uib'aja Uj b U^ a Uj a Uj b . 

(2) Uj a U ia = u ia u ja . 

Here we have dropped the assumption a < b for the first relations, because by symmetry 
we have them for a > b too, and these relations are automatic at a = b. By applying now 
the antipode to these relations, and then by relabelling, we succesively obtain: 

'U j bi'U j aj ^aj^bi 'U j ai'U J bj ^bj^ai 

^ja^ib V'ib^ja ^ ia'U'jb ^jb^ia 

Now by comparing with the original relations (1), we conclude that: 

V* b - u ib u* a = u jb u* a - u ia u* b = 0 
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In other words, the standard coordinates on a quantum group G rx must satisfy 
ab* = ba*. Similarly, these coordinates must satisfy as well a*b = b*a. We conclude that 
we must have G C U*, and we are therefore done with the problem. 

Regarding now the sphere Sjff 1 = D S^~^, our claim is that no new computation 
is needed. Consider indeed a quantum group G rx S^f 1 . Since Lemma 4.3 (1) was valid 
over S^f 1 , the above computations apply, and we obtain G C U*. 

On the other hand, since Lemma 4.3 (2) was valid as well over S the computations 
in the proof of Proposition 4.5 apply as well, with the choice x = 0, and show that the 
standard coordinates on G must satisfy the relations abc = cba. 

In order to conclude, we use Lemma 4.4. We already know that the standard coordinates 
on G satisfy the relations abc = cba, and from G C U# C U^ we obtain that the relations 
ab*c = cb*a are satisfied as well. Thus Lemma 4.4 applies, and gives G C Uff. We 

_LL 

therefore conclude that we have G C by D Uff = U^, and we are done. □ 

We can now formulate our main result in this section, as follows: 


Theorem 4.7. We have the following correspondence 


qN—1 qN— 1 cN-1 

°C,** °C,* 


U N 


T ^- 1 


qN —1 

°C,o 


qN—1 

°C,# 


T O n 


TT** 

U N 


u\ 


N 


U 


N 


TJ* 

U N 


between the 6 spheres, and their affine quantum isometry groups. 

Proof. The result for S^ 1 is known since [9], the result for TS^ -1 is similar, with the 
argument in [9j showing that we have indeed G + (T S^ 1 ) = G^TS^ 1 ) = TOtv, and the 
remaining results follow from Proposition 4.5 and Proposition 4.6 above. □ 


Summarizing, we have now some basic understanding of the 6 half-liberated spheres. 
There are, however, many questions left. A first series of questions concerns the ergod- 
icity, uniqueness, and possible faithfulness of the L^-invariant integration on S^ -1 . A 
second series of questions concerns the construction of the Laplacian, and notably of its 
eigenvalues, and the possible Riemannian structure of S^ 1 . Finally, a third series of 
questions concerns the possible twisting of the above results. See 0, ®. 


5. Half-liberated manifolds 

We discuss now the extension of some of the results in sections 1-4, with the complex 
sphere S^ -1 replaced by more general algebraic manifolds X C S ^ -1 . There is in fact a 
lot of work to be done here, and we have so far only very partial results. 
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Generally speaking, the problem is that of constructing, under suitable assumptions on 
X C S^ 1 , a half-liberation diagram for it, as follows: 

X -- X** -- X* 


X- -*-1°-- X* 

The starting point is Theorem 4.7 above. Forgetting that on the right we have quantum 
isometry groups, we can see that, besides the sphere X = S , ^ r_1 itself, we have as well the 
rescaled unitary group X = as example. Indeed, we have: 

Proposition 5.1. We have embeddings as follows, given by Zij = u t] , 

TT TT** TT* Q-N 2 — 1 qTV 2 —1 qN^ — 1 

U N ^ U N ^ U N °C ^ °C,** ^ °C,* 


TF/n . TTO TT# TFqA 2 -! _ qN 2 -1 „ qN 2 - 1 

IKOat - <J N - ^ U N 1D R D C,o ^ D c,# 

whose images are given by Ufj = U^ D S^ _1 . 

Proof. Since the fundamental corepresentation u = (u t j) of the quantum group Uf is 
biunitary, we have JT. u l3 u# = . u *ij u ij — N. Thus we have an embedding Ufj C 

given by z t j = Uy. Now since the quantum groups f/^ in the statement appear by 
imposing to the standard coordinates Ujj the same relations as those for the coordinates 
on the corresponding spheres S* we obtain Ufj = U* N D S* -1 . □ 

The examples that we have so far, X = S^ 1 and X = -±=Un, suggest an approach 
via “lifting projective versions”. More precisely, given X C 5^ _1 , consider its projective 
version PX C Pg. Also, let X~ = X n so that PX~ = PX n P£. The 

general idea is then to define X**, X*/X°, X# as being the “biggest” submanifolds of the 
corresponding spheres, having PX/PX~ as projective versions. 

In order for this idea to work, X,X~ themselves must be the lifts to S^ _1 , TSjj ^ -1 of 
their projective versions PX, PX~. So, let us first recall that we have: 

Proposition 5.2. For a subspace X C the following are equivalent: 

(1) X is the lift to Sof its projective version PX C Pff. 

(2) X is invariant under the action of T, given by u ■ z = (uzfji. 

In addition, in this case, X~ = X fl TSj ^ -1 is the lift to TSj ^ -1 of PX~ = PX n P$. 
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Proof. Since the quotient map n : S -A P^ satisfies tt(z) = tt(z') z' £ T z, the 

lifting condition X = {x £ S' ( ^~ 1 |7r(a;) £ PX} is equivalent to the T-invariance of X. 

Also, the quotient map a : T S^ 1 — > P/f satisfies as well a(z) = a(z! ) z' £ T z, 

so the lifting condition X~ = {x £ £ PX~ } is equivalent to the T-invariance 

of X - . But if X is T-invariant, then so is X - , and this gives the last assertion. □ 


The other problem is that the general noncommutative manifolds Z C Sjff 1 have in fact 
two projective versions, one given by p i3 = ZiZ*, and the other one given by q. l3 = z*Zi. In 
order to deal with this issue, best is to assume that all our manifolds Z are “conjugation- 
stable”, in the sense that C(Z) has an anti-automorphism given by Zi —> z*. 

Observe that for the manifold X C itself, the stability under conjugation, which 

comes from an action of Z 2 , can be combined with the stability under the action of T, 
coming from Proposition 5.2 above. In this case, we say that X is 02-invariant. 

We can now formulate our half-liberation construction, as follows: 

Definition 5.3. If X C S£ 1 is 02-invariant, we set X — X fl T 1 , and we define 

X -- A"**-- A"* 


x--- X°-- X# 

by the fact that X**, X*/X°, X# are the conjugation-stable lifts of PX/PX~. 

As a basic example, for the sphere X = S^ 1 we have PX = Pjf, PX~ = P^, the 
lifting problem is trivial, and we obtain the 6 half-liberated spheres themselves. 

Observe also that, due to our T-invariance assumption on X, all the 6 spaces appearing 
in the above diagram are the lifts of their projective versions PX, PX~. 

In general, the fact that the above lifts exist indeed follows by dividing the corresponding 
algebras by suitable ideals. Let us record a more precise result here: 

Proposition 5.4. The spaces X x appear via C(X X ) = C(S// 1 )/ < /, J >, where 

f ker [C(P^) -A C'(PX)] at x = **, * 

A “ \ker[0(P^) -> C(PX-)} at x = o, # 

regarded as linear subspaces of via the embeddings p.ij = ZiZ*/q.ij = z*Zi. 
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Proof. At the algebra level, the lifts at x = **, * and at x = o, ff in Definition 5.3 above 
are by definition the universal solutions to the following problems: 

C{pg) -- c^- 1 ) C{P”) -- c^- 1 ) 



c(px ) .- c(x x ) c(px~) .- r (. v x ) 

But the solutions to these problems are given by formula in the statement. □ 

As an illustration, consider the space X = —= T A formed by the points z E S^ 1 
satisfying \zf\ = for any i. Here we have X~ = TZ^, and the result is: 

Proposition 5.5. We have the following (rescaled) half-liberation diagram. 


'J’V __ ^ooIV _a- Z oAf 



TZ^-- Z oJV - Z# N 


where o, oo, #, o are the group-theoretic analogues of the operations *, **, #, o. 

Proof. Observe first that given a discrete group V —< g lf .. „, g N >, we have an embedding 
T C *S'c[+ 1 , given by z % = A= g t , and that over PT we have p u — q n — A. 

In our case, we deduce from pa = qn = A that we have zpz* = z*z t = -h, over the 

various lifts. Thus the rescaled lifts are group duals, given by Z xAr = F/v D y/NS* -1 . 
But this gives the result, with the o, ff constructions obtained respectively by imposing 
the conditions ah _1 c = c& -1 a, ah -1 = 6a -1 to the standard generators of F N , and with the 
oo, o constructions being obtained by further imposing the relations abc = cba. □ 

Let us check the fact that the example X = Un is covered as well: 

Proposition 5.6. For the rescaled unitary group X = A= Un, the abstract half-liberation 
construction produces the (rescaled) 6 half-liberated quantum groups U'f. 
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Proof. We first discuss the lifting problem for PUn C Pq 2 - If we denote by U^ x the 
rescaling of the lift inside S^” 1 , we have the following series of implications: 

uu* = u* u = vf u = uu* = 1, over Un 

.^ik^jk ^ "j ^kiMkj ^ ^ ^kKkj ^ ^ Uikujk hj • Over l\ 


k 


^ ^ Pik,jk ^ ^ Qki,kj ^ ^ Pki,kj ^ ^ Qik,jk &ij ■> OVGI N • PUjy 

k k k k 

*y ' u ik u jk = £«*«* = E^kj = ’y y u ik u jk = &iji Over U j 


x x 
N 


Thus we have an inclusion Ufj X 

J2_ 


uu* = u*u = ufu = uuf = 1 , over U^ x 

C Uj . But since Ufj is by dehnition given by Ufj = 
u+ n Vns£~\ we conclude that we have Ufj X = U£, as desired. 

For the lifting problem for POn C P^f 2 we can use the same proof, because the above 
middle relations, over N ■ PUn , hold over N ■ POn as well. □ 

Let us work out as well a “discrete” analogue of Proposition 5.6. Consider the group 
Kn C Un of matrices which are monomial, in the sense that each row and each column 
has exactly one nonzero entry. Its free version C U ^ is then defined via the relations 
ab* = a*b = 0, for any a ^ b on the same row or column of u. See [Tj. 

With the notations, we have the following result: 

Proposition 5.7. With X = K N we obtain the following diagram, 


K 


N 


TV** 


I< 


N 


T H 


N 


K 


N 


K 


rescaled by where on the right we have the quantum groups K# = Kf fl U*. 

Proof. The space K N = \fNX~ is given by K N = Kn fl VNTS^ 1 , and we therefore 
obtain Kfj = Kn fl TOn = T Hn, where Hn C On is the hyperoctahedral group. 

Let us hrst compute the various lifts of PKn- We already know from Proposition 5.6 
that these lifts satisfy K^ x C U£. Also, for j ^ k we have: 

'U-ij'^ik UijUik UjiUki UkiUki 0 , Over I\-N 
'' Pij,ik dij.ik Pji,ki dji.k'i 0 , OVCr PKn 
==> UijU*k = uljUik = UjiU* ki = u^Uki = 0 , over K^ x 
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We conclude that the lifts appear inside U via the relations ab* = a*b = 0, for any 
a ^ b on the same row or column of u. Thus we have Iijj x C K^, and we are done. 

The lifting problem for PTHn = PHn is similar, by using the same computation. □ 

Summarizing, the half-liberation operation that we constructed leads to quite natural 
objects, in all the cases investigated so far. In particular, we can now formulate: 

Theorem 5.8. For the half-liberations of the sphere X = S ^ _1 we have 

G + (X X ) = G(X) X 

with the quantum isometry groups being taken in an affine sense. 

Proof. This is just a reformulation of the results that we proved before, in Theorem 4.7, 
by using the abstract half-liberation formalism developed above. □ 

Observe that the formula established above could be thought of as being related to the 
various rigidity results of type G + (X) = G(X), from [D . [14], 

In general, it is quite unclear what exact assumptions on X C S^ 1 could lead to such 
results. This is an interesting question, that we would like to raise here. 

6. Real versions 

In this section we discuss a number of more specialized results, concerning the real ver¬ 
sions of our half-liberations, obtained by imposing the conditions z t = z* to the standard 
coordinates. First, we have the following elementary result: 

Proposition 6.1. The real versions of the half-liberations X x are 

a k a r a r 


Xr -Xr -Xr 

where X R = Xn S£~\ and X £ = X** n S£~\ 

Proof. This follows indeed from the last assertion in Proposition 1.4 above, which tells us 
that taking the real versions amounts in intersecting with □ 

We can axiomatize the construction X —)■ X£, as follows: 

Proposition 6.2. Given an 02-invariant closed subset X C \ the closed subset 
C S^f 1 appears by lifting the projective version PX C P£ . 

Proof. This follows from Proposition 5.4 above, because the variables p l3 = z^z* and 
Qji = z i z j being now equal, the conjugation-stable lift becomes a plain lift. □ 
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At the level of examples now, we have the following result: 


Proposition 6.3. We have the following plain/rescaled real half-liberations, 

(St 1 )" = Sg; 1 / (z")* = zp, (o N y = o- N , (H N y = H" N 

coming respectively from the complex majiifolds S' ( p 1 /T Ar , Un, K n . 

Proof. The first assertion is clear from the comments made after Definition 5.3. 

Regarding the second assertion, we can use here Proposition 5.5, which tells us that 
the rescaled real-half liberation in question is: 

n S N- 1 = = |p 

Finally, the last two assertions are clear from Proposition 5.6 and Proposition 5.7. □ 


We have as well the following matrix model result, obtained by using the doubling 
operation X —» |X|, constructed in section 2 above: 


Proposition 6.4. If X C S ^ 1 is 02-invariant, then |X| C Xj£. 


Proof. We recall from Proposition 2.2 that we have \Sjf x | C S^ 1 , and so the result 
holds for X = S itself. In general now, observe that we have: 



* 


f 0 zf\ f 0 Zj\ 
°) Vo °J 


(ZiZj 0 \ 

V 0 Vj) 


Now since X C Sp 1 is 0 2 - invariant, z —>• z induces an automorphism of C(X), and so 
an automorphism of C(PX). We can therefore “cut” the lower part of the above matrix, 
and we obtain P|X| = PX. Thus |X| lifts PX, and so |X| C X£, as desired. □ 

Regarding now the quantum isometry groups, the fact that we have G + (S^f 1 ) = 0* N 
was already known from [2j. We can improve now this result. We use: 


Definition 6.5. A closed subspace X C Y is called k-saturated when the dimension of 
span(z P ... zlf ) does not decrease via C(Y ) —* C(X), for any e±,..., ek € {1, *}. 

Observe that the 1-saturation of A" C Sjf- 1 , which is equivalent to the fact that the 
coordinates z\,...,Zn G C(X) are linearly independent, is needed in order to dehne the 
affine quantum isometry group G + (X), as a closed subgroup of U^. See [T3l . 

The 2-saturation condition is a familiar one as well, because for a subset A" C S'p 1 , 
this condition implies that we have G + (A") = G(X), as shown in [9j. 

We have the following result, regarding the 3-saturated sets: 


Theorem 6.6. We have the “half-classical rigidity” formula 

apxi) c o* N 

provided that X C S^ 1 is 0 2 -invariant and 3-saturated. 
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Proof. Assuming that X C S^ 1 is 3-saturated, the doubling |A| C is 3-saturated 

as well, and we conclude that the half-liberation Aj^ C S^f 1 is 3-saturated too. 

Thus, the variables {z a zf z c \a < c} with x = 1,* are linearly independent, and so the 
method in the proof of Proposition 4.5 applies, and gives the result. □ 

Observe the similarity between the above result and Theorem 5.8. 

As a conclusion, our various results suggest that a certain analogue of the rigidity 
result in p3j should hold in real and complex half-liberated affine geometry. Finding such 
a general result, however, looks like a quite difficult question. 
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